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Abstract-In this paper, we study the Neumann problem for a class of semilinear elliptic equations 
-Au = 1742*-2 u + pIuIqp2u in R a~ = 0 on 80, where R is the unit ball in RN centered at the ‘FG 
origin, N 2 3, 2* = 2N/(N - 2), 1 < Q < 2, p > 0. By cutting the unit ball into angular sectors 
and using the variational method to deal with a mixed boundary value problem on such domains, 
we prove the existence of infinitely many nonradial solutions with positive energy for small fi > 0. 
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1. INTRODUCTION AND NOTATIONS 
In this paper, we study multiplicity of solutions for the following semilinear elliptic equation: 
-Au = Iu( 2*-2u + p~u~~-2u, in 0, 
au (1.1) - = 0, au on aa, 
where fl is the unit ball in RN centered at the origin, N  2 3, u denotes the unit outward normal 
to boundary 80, 2* = 2N/(N - 2), 1 < q < 2, p > 0. 
Hence, the nontrivial solutions of (1.1) are equivalent to the nonzero critical points of the 
energy functional 
I(u) = J, (+I” - ;/u12* - ;julq) dx. (1.2) 
Note that 2* is the critical Sobolev exponent, and the embedding H1(fl) of L”‘(0) is not 
compact, which leads to that I does not satisfy the (PS) condition. This difficulty lies in obtaining 
existence of solutions, especially for existence of infinitely many solutions with positive energy. 
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In the last 20 years, Dirichlet and Neumann problems for semilinear equations have been studied 
extensively. By variant methods, for example, upper-lower solution method, variational method, 
degree theory, etc., people have obtained many important and interesting results (see [l-lo], for 
example). 
The Dirichlet problem with sublinear and superlinear terms 
-Au = ]‘IL]~-‘u + &J]~-‘u, in 0, 
u = 0, on aR, (1.3) 
has been treated by Ambrosetti et al. [4]. Their main results are the following (where R is a 
general bounded domain). 
(1) For all 0 < q < 2 < p, there exists A > 0 such that, for all /J E (0, A), problem (1.3) has a 
minimal solution up satisfying J(u,) < 0. 
(2) Let 1 <, q < 2 < p 5 2*. Then, for all p E (0, A), problem (1.3) has a second solution 
up > up. 
(3) Let 1 < q < 2 < p 5 2:. Then there exists p* > 0 such that for all p E (O,p*), 
problem (1.3) has infinitely many solutions such that J(U) < 0. 
(4) Let 1 < q < 2 < p < 2*. Then, for all /J E (O,p*), problem (1.3) has also infinitely many 
solutions such that 1(u) > 0. 
In the last section of [4], authors proposed some open problems, and the second one is whether 
problem (1.3) has infinitely many solutions with positive energy, when p = 2*, for /J > 0 small 
enough. 
For (1.1)) following the argument of [4], t i is not difficult to obtain infinitely many solutions 
for (1.1) with negative energy (that is, I(U) < 0) since I(U) satisfies the (PS), condition for c < 0. 
However, since I(U) satisfies the (PS), condition only for c E (--co, (1/2N)SN12 - ke~2’/(2’-q)), 
it is not easy to obtain solutions with positive energy and even difficult to obtain existence of 
infinitely many solutions. Since we are dealing with problems with critical Sobolev exponent and 
aiming to obtain solutions of (1.1) with positive energy, fountain theorem, and its dual theorem 
[5,11] are not applicable. 
When q = 2, Comte and Knaap [B] considered problem (l.l), and obtained infinitely many 
solutions by cutting the unit ball into angular sectors. 
In this paper, we take some ideas from [4,6,8] and obtain the following result. 
THEOREM 1.1. There exists p* > 0 such that, for every 0 < p < ,u*, problem (1.1),(1.2) has 
infinitely many different nonradial solutions with positive energy. 
Our strategy of proving Theorem 1.1 is as follows. First, we cut the unit ball angular sectors, 
then consider a mixed boundary problem set on the angular sectors, and finally prove the existence 
of infinitely many different nonradial solutions having positive energy. For convenience, as in [B], 
we move the center of the unit ball to the point (O,O, . . . ,O, l), so that the origin lies on the 
boundary dB. That is, 
B = {z= (c~J~,x~,..., zlv)ERNI,~+,~+...+2~_,+(1--N)2<1}. (1.4 
Set 
A,,, = 
{ 
cc E B I cos & ~xN-~I < sin ($-) (1 - ZN)} , ( > 
m=l,2,.... (1.5) 
The angle between the two planar boundaries is called the angle of the sector. So Al is a 
half-ball, A2 an angular sector of angle 7r/2, and A3 an angular sector of angle 7r/4,. . . . 
We first consider the following mixed boundary problem: 
-Au = ]u] 2*-2u + /&1q--2u, in A,, 
u = 0, on r0, (1.6) 
au - = 0, av on rl, 
where Ii = dA, n dB. 
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After obtaining the existence of positive solutions of (1.6)) we can construct nontrivial solutions 
of by suitable reflections. 
Let us remark that unlike in (81, where q = 2, in our case, 1 < q < 2, the nonlinearity is 
sublinear at 0. We cannot obtain solutions of (1.6) by considering 
low-PL Wd~ 
(s,_ lU12*)2E 
l u E V(h) \  (0) 
I  
.  
We will use the mountain pass lemma to obtain positive solutions of (1.6). To this purpose, 
define V(A,) = {u E H1(A,) 1 u(r, = 0}, where I’c = aA, \ aB, 
J(u) = 1 ( ;,VU/~ - ;,uj2* - ;,u,~) dx, 
rm = r,““E C([o,l], V&J) l-0) = 0, J(YP)) < 01, 
(1.7) 
and 
c, = ,$ tz~l J(r(t))~ n I 
For simplicity, we will always denote 
IIUIIA,,, = (s, (iv”/2+u2) dx)1’21 1’1742,A, = (s,... /ou,2dx)1’2, 
andCo,C1,C2,... denote (possibly different) positive constants. 
2. PROOF OF THEOREM 1.1 
Let S be the best Sobolev constant for the imbedding Hi(o) - L2* (a), and D’12(R!?) = {U E 
L2’(Ry) ] ]Vu] E L2(R$!)}, and it is well known that 
It is easy to verify that there exists Ice > 0 independent of p > 0 such that 
%  (+* _ p (i _ ;) ,B,1-‘/2’t’) = -kOp2*l(2*-q). 
(2.1) 
(2.2) 
LEMMA 2.1. For the k. defined in (2.2), then the functional J satisfies (PS), condition for c 
satisfying 
1 w-O0 < c < -4Nl2 - kop2*/(2*-Q). 
2N 
PROOF. Assume (uk) c V(A,) is a sequence such that as k --+ co, 
(2.3) 
J(‘LLk) -+ c, J’(uk) + 0; 
that is, 
(2.4) 1 
A, 
($VUX/~ - zf;jz~~/~* - $uklq) dx = c+ O(l), 
v?& .vV - ,Uk, 2*-2Uk2, - &‘k,q-2”k” > dx = 0(1)\1’U\\, 
VW E V(A,). (2.5) 
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Here and here after, we use O(1) to denote quantities which tend to zero as k ---+ co. 
Let w = uk in (2.5), and we have 
s, (Ivuk12 - Iukj2* - &‘k1’) dx = o(l)llukll. 
From (2.4) and (2.5), we obtain 
(2.6) 
s,, ( -j$uk12 - P (a - ?t;) Iukiq) dx 5 c(1 + ljukji). 
Note that 1 < q < 2 and norms ]Vu[z,~, and ]] ]] u are equivalent in V(A,). It therefore follows 
from (2.4) and (2.6) that ]]?&]I 5 C. 
By choosing subsequence if necessary, we may assume that, as k --+ co, 
uk - u, weakly in V( A,), 
uk L ‘% weakly in L2* (A,), 
uk -+ “4 strongly in L’(A,), for every L E (1,2*) , 
uk -+ ‘% a.e. on A,. 
It follows from (2.5) that u satisfies 
and 
S( Vu. Vu - ]u]~*-‘uu - j+]q-2uw > dx = 0, b”v E V(Am), &I 
lulq dx. (2.7) 
Set uk = uk - u. Brezis-Lieb lemma [12] leads to 
/ 
A, 
luk12- dX = / 
A, 
1uk12* dX + s, lU12* dX +OP). 
Obviously, 
/ (VujJ2dx=/ jvvk12dx+l ]Vu]2dx+0(1). 
A, &I 
Hence, we obtain 
1 
J(u) + - lVwk I;,A, 2 - $,,;:,Am = c + o(1). 
Since (J’(uk), uk) -+ 0 as k -+ 00, we obtain as k + co 
h$,A, - Iv&A,,, - +%,A,,, + [+A, + ,hl;,Am = -(J’(u),u) = 0. 
We may therefore assume that, as k --+ co, 
lVwkI;,A, + b, bkI;:,A, + 4 
where b is a nonnegative constant. 
Now we use the following inequality due to Lemma 2.1 in [13] (see also [14]). 
Let R be a bounded domain in RN with C’ boundary. Then for every E > 0, we have 
(2.8) 
IV&n + C,lt& 2 (2-2/Ns - c) IUI&,n, vu E P(fq, (2.9) 
where C, is a positive constant depending only on the diameter of the domain R and E. 
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Because the boundary of A, is not up to Cl, we extend functions in V(A,) to the unit ball B 
by defining 
ii(x) = 
1 
4x17 ifa:EA,, 
0, ifxEB\A,. 
Thus, fi E P(B) and B is of class Cr. In addition, we also have 
Iv742,S = IV42,A,, Ifilz*,B = 142’,A,. 
Therefore, from (2.9), we obtain 
Then, we have as k ---t 00, b 2 (2-2/NS - c)b2/2’. If b = 0, the proof is complete. Assume 
b # 0. Then b2iN 2 2-2/NS - E, and therefore, we obtain b 2 (1/2)SNi2 due to the arbitrariness 
of 6. Combined with (2.2), (2.7), and (2.8), we have 
We obtain a contradiction since c < (1/2N)SN/2 - kop2”(2*-q). 
LEMMA 2.2. There exists ~0 > 0 independent of m such that, for any 0 < p < po, there is a 
nonnegative function v E V(A,) \ (0) satisfying 
sup J(tv) < -&SN12 - kop2*‘(2’-q). 
t>o 
(2.10) 
PROOF. Define, for E > 0, ue(z) = $J(z)/(E + (z(~)(~-‘)/~, where Q(z) is a smooth cut-off func- 
tion which satisfies ?I, 3 1 in a neighborhood of the origin; 1c, E 0 outside B,, where B, is 
defined 
Bm = { x E RN 1 lx) < sin f ( )I 
. 
From the choice of radius of B,, we see that u,]r,, = 0, and U, E V(A,). From [6,8], and after 
simple calculations, we have for N = 3, 
(2.11) 
I~J;,~, = $ed2 (1 + Em (f’/“)) > (2.12) 
and for N 2 4, we have 
hl;,&, = +wN-2)/2 (1 - LP + F&E)) , (2.13) 
)&,A, = 2-(f&N C--(N-2)‘2 (1 - $$c’/~ + G&)) , (2.14) 
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L = (N - 2)2K1 
I 
Id4 dx 
RN-’ (1 + IX12)N ’ 
l-c1 =(N-2)2 
s 
Id2 da: 
RN (1 + IX12)N ’ 
(J 
1 
) 
-(N-2)/N 
K2 = dx Kl 
RN (1 + IXj2)N 
, - = S is the best constant, 
K2 
and ]D,(A2)] I C#, ]E,(E~/~)] _< Cd2, ]Fm(e)] I CE, IGm(c)I < Ce, for some C > 0 
independent of m. 
Assume the maximum of J(tuE) is achieved at a point t,. Then, 
“t”>E J(h) = J($LUB) 
- 
1 - Ld2 + F*(E) N/2 
I- (N - 3)/(N + 1),W2 + G,(e) 
for any E E (0, q], where ~1 is a small positive number independent of m. 
Hence, from (2.15), we choose 0 < EO < ~1, and have 
It remains only to verify that 
P 
$/” > kop2’/(2*-9). 
(2.15) 
(2.16) 
Obviously, there exists a small positive constant ~1 independent of m such that for any 0 < 
< ~1, (2.16) holds. 
If N = 3, from (2.11),(2.12), similar to the proof of (2.15) we have 
Iw;,*, 
Iu, l&4, 
= (K1/2)~-1/2 (1 - (n/K1)I log+1/2 + D, (E’/~)) 
(K2/2113) c1j2 (1 + Em (A”)) 
I 2-2/3sl - (r/Kl)l logElE1’2 + IDm (~l’~) 1 
1 - pm (Eq 
< 2-2/3s - 
( 
1 - &] log+‘/2 + CP) (1 + CA2 + c3@) 
< 2-213s l- - 
( 
% I 1% w) , for any 0 < E < eg, 
where ~2 is a positive constant independent of m. 
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Therefore, we can choose 0 < EO < ~2, and ~2 > 0 independent of m  such that for any 
O<P<Pz, 
(2.17) 
< +93/2 _ kop6/(6-d. 
Therefore, set ,QO = min(pi, ~2) such that for any 0 < /J < ~0, there exists a nonnegative 
function 21 E V(A,) \ (0) satisfying (2.10), and the proof of Lemma 2.2 is complete. 
PROOF OF THEOREM 1.1. Let X, and +!J, be, respectively, the first eigenvalue and the corre- 
sponding eigenfunction of the problem 
-A$ = X$J, in A,, 
*=o, on PO, 
The eigenfunction tirn can be expressed in terms of the spherical Bessel function and X, > 0, 
A, ---+ oo as m  --f 00 (see [8,15]). 
For any ‘1~ E V(A,), 
J(u) = / 
A, 
(;/vu,, - ~lu12’ - :Iu/~) dx > 2(x;; 1) 11412 - G 11~112’ - c2Pl174q. 
Since Am > 0, X, + 03, as m  --t co, there exists a positive constant be independent of m  such 
that X,/2& + 1) 1 2Se. Therefore, we have 
J(u) > 2~ol1412 - C1ll41~’ - Cz~lI41~. 
From (2.9), we know that positive constants Cl, C’s are also independent of m. 
Set p3 = 2q-2C; b. 1 l+(N-2)(2-4)/4C(N-2)(2-9)/4 1 , PO = (aoC,‘)(N - 2)/4, CL* = min(pe,pa), 
where ~0 is in Lemma 2.2, and 
Ml = P, ~ol1412 - Gl1412’ = SOP2 - CIP2’ > 0, and 60/u]] - C’Z~.~(]U]]~ = 60~’ - C&p4 > 0. 
Then for any 0 < ,U < /I*, p E @c/2, pc), we have 
b := ,,i;;f, J(u) > 0 = J(0). 
‘11 
In addition, as t ----+ 00, 
where the function u is from Lemma 2.2. 
Hence, there exists to > 0 such that ]]te~]] > p and J(tov) < 0. By the mountain pass theorem 
and Lemma 2.2, there exists a sequence (u~c) c V(A,) satisfying as k ---+ co, 
J(Uk ) ---+Gn>o, J’(Uk) --t 0. 
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In addition, C, 5 suptElo,il J(tte~) < sup,,, J(tv) < (1/2ZV)SN’2 - ko~2’/(2*-Q), by Lem- 
ma 2.1, (‘1~k) has a converging subsequence, still denoted by (uk), such that 
uk - ‘% strongly in V(A,). 
Consequently, 21 is a critical point of J and satisfies problem (1.6), and therefore, c, is a critical 
value of the functional J. 
To obtain a solution defined on the unit ball with positive energy, we use the following obser- 
vation. Let R be a domain in RN, which is symmetric with respect to a hyperplane {TN = 0}, 
fi+ = fl f-l {ZN > 0}, f12- = fl fl {zN < 0}, and ro = {x E fl 1 XN = 0). Suppose u is a solution 
of the following problem: 
-Au = f(u), in R+, 
u = 0, on r0, 
where f is a real, odd, and continuous function. 
Define 
{ 
‘LL (2’1 XN) , in 52+, 
ii(d,xN) = -u (x’, -x~) , in R-, 
0, on Fe. 
Then ii satisfies 
-Au = f(u), in a. 
Now we apply this principle to the solution u of problem (1.6). Let Ah be the reflection of A, 
in one of the planar boundaries. On A,UAL, we can define the function ii such that 6 = u on A, 
and ii is antisymmetric with the plane of reflection. Now let A; be the reflection of A, U AL 
in one of the planar boundaries and $ the function defined on A,,, U AL U A; such that 5 = ?i 
on A,,, U AL and 5 is antisymmetric with the planar of reflection. Repeating this procedure, 
after finite steps, we finally obtain a function defined on the whole unit ball B, denoted by Us. 
Clearly, u, satisfies the Neumann condition on the boundary aB, and thus, it is a solution 
of problem (1.1). In addition, I(um) = k,J(u) > 0, k, is certain positive integer. That is, 
u, is also a solution having positive energy. Since for every m = 1,2,. . . , problem (1.6) admits 
a solution with positive energy, and these solutions are-different by maximum principle, hence 
there exist infinitely many different nonradial solutions of problem (1.1) with positive energy, and 
the proof of Theorem 1.1 is complete. 
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